We develop the real space quantum renormalization group (QRG) approach for majorana fermions. As an example we focus on the Kitaev chain to investigate the topological quantum phase transition (TQPT) in the one-dimensional spinless p-wave superconductor. Studying the behaviour of local compressibility and ground-state fidelity, show that the TQPT is signalled by the maximum of local compressibility at the quantum critical point tuned by the chemical potential. Moreover, a sudden drop of the ground-state fidelity and the divergence of fidelity susceptibility at the topological quantum critical point are used as proper indicators for the TQPT, which signals the appearance of Majorana fermions. Finally, we present the scaling analysis of ground-state fidelity near the critical point that manifests the universal information about the TQPT, which reveals two different scaling behaviors as we approach the critical point and thermodynamic limit.
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I. INTRODUCTION
Majorana fermions (MFs) have attracted intense recent studies in condensed matter systems [1, 2] . Based on exchange statistics, MFs are non-abelian anyons, in which particle exchanges in general do not commute, and they are nontrivial operations [3, 4] . Furthermore, MFs can be used as qubits in topological quantum computation since they are intrinsically immune to decoherence [5, 6] . Since a MF is its own antiparticle, it must be an equal superposition of electron and hole states. Hence, superconducting systems are substantial candidates to search for such excitations. MFs can emerge in systems such as topological insulator-superconductor interfaces [7] [8] [9] [10] , quantum Hall states with filling factor 5/2 [11] , p-wave superconductors [12, 13] , and half-metallic ferromagnets [14, 15] .
There are various promising proposals for practical realisation of MFs in one or two dimensional systems. Among them, the one dimensional (1D) topological nanowire superconductors (TSCs) [16, 17] provide experimental feasibility for the detection of MFs in hybrid superconductor-semiconductor wires [18, 19] . An egregious feature of a 1D TSC is the edge states (MFs), which appear at the ends of the superconducting wire.
As shown by Kitaev [20] , MFs can appear at the ends of 1D spinless p-wave superconducting chain when the chemical potential is less than a finite value, i.e. being in the topological regime. Recent progress in spin-orbit coupling research makes it possible to realize Kitaev chain in hybrid systems, such as superconductor-topological insulator interface [7] , or semiconductor-superconductor heterostructure [2, 21, 22] . In such hybrids, the one dimensional spin-orbit coupling nanowire is proximity coupled to an ordinary s-wave superconductor [16, 17] . It was predicted that there is a topological quantum phase transition (TQPT) in the system whenever a proper Zeeman field is applied, where the zero-energy modes and MFs appear in the topological non-trivial phase. All these experimental observations of the existence of Majorana fermions rely on the fact that the system is in a topological phase. Moreover, the observation of Majorana fermions has been reported using scanning tunneling microscopy [23] .
In 1D, the MFs zero energy edge states, can be only found in the chain with open boundary condition, which due to the absence of the translational symmetry an analytical solution is not available. A conventional method to tackle this system is to solve the Bogoliubov-de Gennes equations, diagonalize the Hamiltonian in real space and obtain the energy spectrum as well as the quasi-particle wave functions. However, in the Bogoliubov-de Gennes formalism by increasing the lattice size, an analytical solution of the wave function and the fidelity are absent. Most importantly, since the topological phase can not be described within the Landau-Ginzburg symmetry breaking paradigm, investigation of such systems is very complicated. This fact has led to various types of approximations schemes, which can be roughly classified as variational, perturbative, numerical and renormalization group techniques. The difficulty of the task suggests that one should combine various techniques in order to come as close as possible to the exact solution.
In this paper, we show that how real space quantum renormalization group (QRG) approach is applicable to MFs in a wire with open ends to acquire the topological phase transition of the one dimensional p-wave superconductor. We emphasise that this is a technically simple method, which produces qualitative correct results when properly applied. Moreover, it is convenient to carry out analytical calculation in the lattice models and they are technically easy to extend to the higher dimensions. Furthermore, the advantage of the QRG formalism is its capability to evaluate the fidelity and fidelity susceptibility of a model without referring to the exact ground state of the model. Particularly, we calculate the local compressibility, ground-state fidelity, and fidelity susceptibility of the model as the robust geometric probes of quantum criticality. Ground-state fidelity is a measure, which shows the qualitative change of the ground state properties without the need to know a prior knowledge of the underlying phases. The universal scaling properties of fidelity and fidelity susceptibility have been investigated to extract the universal information of the topological phase transition. The paper is organized as follows: In the next section, the model and majorana fermions are introduced. In Section III, the quantum renormalization approach is introduced to study the ground state phase diagram of the model. In section. IV, the density of particle and compressibility are investigated and section V is dedicated to analysis the ground state fidelity, fidelity susceptibility, and universal behaviour of the fidelity. Finally, we will discuss and summarize our results in Section VI.
II. ONE DIMENSION QUANTUM NANO-WIRE SUPERCONDUCTORS
The Kitaev model, which was the first model realizing MFs in a one dimensional lattice [20, 24] , is given by following Hamiltonian
where µ is the chemical potential, c † m and c m are the electron creation and annihilation operators on site m. The superconducting gap, and hopping integral are defined by ∆ and w respectively. Since the time-reversal symmetry is broken in Eq. (1), we only consider a single value spin projection, i.e., effectively spinless electrons. By introducing Majorana fermion operators as a n = c n + c † n , and b n = i(c † n − c n ), which satisfy the communication relations: {a m , a n } = {b m , b n } = 2δ m,n and {a m , b n } = 0, the Hamiltonian, Eq. (1), takes the following form
where∆ = ∆/w, andμ = µ/w. It is well-known [20] that for the case |µ| < 2w, the ground state with MFs is fully realised and the system is called a topological superconductor, which shows qualitatively different behavior from the trivial phase, |µ| > 2w, without Majorana fermions. 
III. QUANTUM RENORMALIZATION GROUP
QRG is a method of studying systems with a large number of strongly correlated degrees of freedom. The main idea of this method is to decrease or thinning the number of degrees of freedom, so as to retain the information about essential physical properties of the system and eliminate those features which are not important for the considered phenomena. In the real space QRG, which is usually performed on lattice systems with discrete variables, one can divide the lattice into blocks which are treated as the sites of the new lattice. The Hamiltonian is divided into intra-block and inter-block parts, the former being exactly diagonalized, and a number of low lying energy eigenstates are kept to project the full Hamiltonian onto the new lattice [25] [26] [27] [28] [29] [30] [31] [32] [33] . In the new system there are less degrees of freedom, and the renormalized couplings are expressed as functions of the initial system's couplings. Analysing the renormalized couplings (by tracing the flow of coupling constants), one can determine qualitatively the structure of the phase diagram of the underlying system, and approximately locate the critical points (unstable fixed points), and different phases (corresponding to stable fixed points). To implement the idea of QRG to Majorana fermions in quantum nano-wire superconductors, the Hamiltonian, Eq. (2), is divided into blocks of four MFs sites, as shown in Fig. 1(a) . In this case, the total intra-blocks Hamiltonian is given by
where h B I is the sub-Hamiltonian of individual block I, withγ = 1 −∆, andλ = 1 +∆. The remaining part of the Hamiltonian is included in the inter-block part 
and
respectively. Here |0
is the vacuum state of MFs in real space and
,
The projection operator P I 0 for the I-th block is defined by and the renormalization of MFs operators are given by
It is remarkable that, two different type of Majorana fermion operators in real space treat nonconformingly under RG transformation. In this respect the effective Hamiltonian is expressed by
with total projector P 0 = N I=1 P I 0 . Thus, the effective Hamiltonian is obtained
where w ′ ,μ ′ , and∆ ′ are the renormalized coupling constants defined by the following QRG equations
and e 0 = E 0 − µβ 2 0 is a constant term as a function of coupling constants. Since the sign of hopping term and superconducting gap are changed, the effective Hamiltonian of the renormalized chain is not exactly similar to the original one. Therefore to get a self-similar Hamiltonian, we implement the unitary transformation a n −→ (−1) n a n , and b n −→ (−1) n b n , which is equivalent to π rotation of even (or odd) sites around z-axis. We should emphasise that the commutation relations of MFs operators do not change under these transformation.
The stable and unstable fixed points of the QRG equations are obtained by solving the following equationsμ ′ =μ, and∆ ′ =∆. For simplicity we take ∆ = w, for which the Jordan Wigner transformation reconstructs the model to the Ising model in a transverse field (ITF). For∆ = 1 the renormalized couplings reduce to w ′ = 2w/ 4 +μ 2 , andμ ′ =μ 2 /2. It is remarkable to mention, although to compare with available exact results [34] [35] [36] we look at the QRG for the particular case of w = ∆, our QRG equations can be considered for more general cases with different values of w and ∆ (w = ∆). The QRG equations show that the stable fixed points are located atμ = 0 andμ → ∞ whileμ c = 2 stands for the unstable fixed point, which specifies the quantum critical point of the model. The phase diagram of the model has been shown in Fig. 1(b) . As depicted, the chemical potential goes to zero forμ <μ c under QRG transformation, while it scales to infinity in the normal superconductor phase. The QRG equations, Eq. (10), show the flow of w to zero in a normal superconductor, which represents the renormalization of the energy scale while it goes to 1 for the topological superconductor. Fig. 1(b) shows that in the topological superconductor phase the only existing bonds connect a n to its neighbor b n+1 , and the Majorana modes at the ends of the chain are not coupled to anything. It manifests the presence of edge modes of a topological phase, which is the reason for the ground-state degeneracy that is not due to a symmetry. Furthermore, in the normal superconductor phase, each Majorana mode a n on a given site is bound to its partner b n with strength µ, leaving no unbound modes, i.e. no edge state.
The quantum critical exponents associated with this quantum critical point can be obtained from the Jacobian of the QRG transformations by linearizing the QRG flow at the critical point (∆ = 1, andμ = 2),
which yields
The eigenvalues of the matrix of linearized flow are η 1 = 2 and η 2 = 0. The corresponding eigenvectors in the |μ,∆ coordinates are |η 1 = |1, 0 , |η 2 = |1, 2 . |η 1 shows the relevant direction which represents the direction of flow of chemical potential (see Fig. 1(b) ). We have also calculated the correlation length exponents at the critical pointμ c = 2. In this respect, the correlation length diverges as ξ ∼ |μ − 2| −ν with the exponent ν = 1, which is expressed by ν = ln[n B ]/ ln[dμ ′ /dμ]|μ c , and n B = 2 is the number of sites in each block.
IV. PARTICLE DENSITY
The average local density of particles on site n is
and the ground state of the renormalized chain is related to the ground state of the original one by the transformation P 0 |Ψ ′ 0 = |Ψ 0 . This leads to the particle density in the renormalized chain
where n(μ ′ , N/2) is the particle density in the renormalizd chain and γ(0) is defined by (2α
The average of the local density of particles has been ploted in Fig. 2(a) for different system sizes. It has been compared with the known exact result [13] , which shows good agreement qualitatively. The compressibility, derivative of the local density of particles with respect to chemical potential, has been depicted in Fig. 2(b) . The non-analytic behavior of the particle density atμ c = 2 is high-lighted in the divergent behavior of the corresponding compressibility. It is to be noted that, although the compressibility has a singularity at the topological critical point in the thermodynamic limit (N → ∞) this singularity can result from the singularity of density of states [37] . Therefore, to better understand the nature of topological phase transition in the model, the ground state fidelity of the model has been investigated in the next section.
V. GROUND STATE FIDELITY
In the last few years, fidelity, which is a measure of the distance between quantum states, has been accepted as a new notion to characterize the drastic change of the ground states in quantum phase transition (QPT) point. Unlike traditional approaches, prior knowledge about the symmetries and order parameters of the model are not required in the fidelity notion to find out a QPT. In addition, fidelity has an interdisciplinary role, for example, it is related to the density of topological defects after a quench [38, 39] , decoherence rate of a test qubit interacting with a non-equilibrium environment [40, 41] , and orthogonality catastrophe of condensed matter systems [42] . In this section, we implement the formalism introduced in Refs. [43] and [44] to calculate the ground state fidelity of the nano-wire superconductor in terms of QRG. The advantage of the formalism is its adroitness to calculate the ground state fidelity of a model without referring to the exact ground state of the model.
The fidelity of ground state is defined by the overlap between the two ground state wave functions at different parameter values as follows
where δ j (j = 1, 2) is a small deviation in the chemical potential. According to the renormalization transformation P 0 |Ψ ′ 0 = |Ψ 0 , the fidelity of renormalized chain are related to the fidelity of original Hamiltonian by F (μ, N ) = γ 1 F (μ ′ , N/2), where
The ground state fidelity of the model has been plotted versus chemical potential in Fig. 3(a) for different system sizes. Obviously, the ground state fidelity shows a sudden drop at the topological quantum critical point. Increasing the system size increases the depth of drop, which manifests unfailing drop in the thermodynamic limit. To determine more precisely the effect of quantum criticality on fidelity, we should extract universal information about the transition in addition to providing the location of the critical point. The universal information is defined by the critical exponents and reflects symmetries of the model rather than its microscopic details. For small system size, the universal information is explored in the fidelity susceptibility (χ) approach, [34, 39, 45] which is defined by
in which δ 1 = δ 2 = δ/2 is supposed. Fig. 3 [35, 36] . Furthermore, it has been shown that in the thermodynamic limit at fixed δ, the fidelity scaling is given by [34] ln
where g is a scaling function. It has been shown that [34] at the critical point, fidelity is non-analytic in δ as ln F (μ c , δ) ∼ −N |δ| dν , while away from critical point for |δ| ≪ |μ −μ c | ≪ 1, it behaves as
The scaling behavior of fidelity around the critical point, µ ≈μ c , is depicted in Fig. 4 (b) . As seen, for small system sizes we cover the well known result [34] ln F ∼ −N 2 , reported for ITF model in the finite size scaling case [45] . However for larger system sizes, we obtain ln F ∼ −N conforming to Eq. (16) . A more detailed analysis shows that the transition between the two regimes takes place when N |δ| ∼ 1. For this purpose in the Fig. 4(c) , we plot the scaling behavior of ln(− ln F ) versus ln(δ) for the fixed system size. We observe two distinct regimes, namely for N |δ| ≪ 1 that we have ln F ∼ −δ 2 , and for N |δ| ≫ 1 that we find ln F ∼ −|δ| in agreement with Eqs. (16) and (17) . It should be mentioned that in our model d = 1 and scaling verifies the correlation length exponent of ν = 1, which exactly corresponds to the correlation length exponent of ITF model.
VI. SUMMARY AND CONCLUSIONS
It is well-known that the real space quantum renormalization is applicable to non-exactly solvable systems such as XXZ model [25, 27, 28] ; Hubbard model [46] [47] [48] , as well as, XY model in a transverse field [26] . In this work, we fully formulate quantum renormalization group for a system of Majorana fermions in the open boundary quantum nano-wire superconductors to obtain its universal behaviors, such as phase diagram, compressibility, ground state fidelity and scaling behavior of fidelity susceptibility. To compare our analytical approach to exact results, we concentrate on the special case with equal hopping and pairing terms, where the Kitaev model is mapped to the ITF. We conclude that real space quantum renormalization group procedure could reproduce exactly the location of the critical point and the critical exponents. The quantum renormalization group shows that in the topological phase (μ <μ c = 2), the chemical potential goes to zero by renormalization iteration while in the normal superconductor phase it flows to infinity. Furthermore, the results layout that the correlation length exponent and the critical adiabatic dimension are ν = 1 and d c a = 2, respectively. Which corresponds to their counterpart in the Ising model in transverse field [34] . Finally, we should emphasize that, the quantum renormalization method could be more expedient and more advantageous than the Bogoliubov-de Gennes formalism to carry out an analytical calculation in the lattice models, specifically in the disorder case and higher dimensions.
